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Fig. A1 Beam element subjected to different loads.

The governingequation for the beam subjected to lateral loading
and distributedmoment can be obtained by substitutingEq. (A2) in
Eq. (A1),
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In-plane displacement due to bending of the beam
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Equilibrium of in-plane forces gives
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where px is distributed in-plane load.
For a beam of width b and thickness t ,
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where ua is in-plane displacement due to axial load. Sustitute
Eq. (A6) in Eq. (A5) and integrate:
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The total in-plane displacement due to bending and axial force is
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Introduction

A S a thin-walled,circular, cylindricalshell is subjected to bend-
ing de� ections, it will tend to ovalizeaccordingto the Brazier1

effect. In doing so, the diminishing cross-sectionalsecond moment
of area of the tube reduces the � exural stiffness of the structure.
This Technical Note details the ply con� gurations of composite
tubes that maximize the critical failure (Brazier1) moment, where
the reduced second moment of area is no longer able to sustain the
applied moment.

Vlasov’s2 semimembrane theory assumes that longitudinalbend-
ing of a tube is resisted principally by A11 (longitudinal stiff-
ness) termsandcross-sectionaldeformationby D22 (circumferential
bendingstiffness).This dependencyis con� rmed both by Kedward,3

who expandedBrazier1 analysisto includeorthotropicshells,aswell
as by Harursampath and Hodges.4 They found the critical failure
load of a thin-walled cylinder under bending to be

Mcr D 3:42a
p

A11 ¢ D22 (1)

Mcr D 4:223a
p

A11 ¢ D22 (2)

respectively (where a is the tube radius). Despite coef� cient differ-
ences, both models con� rm that a maximization of limit moment
must maximize A11 ¢ D22 .

This Technical Note provides an analytical optimization of shell
composition with respect to the critical Brazier1 moment, which
will be useful in the design of structures where material failure and
local buckling are not likely to occur.

Ply Con� guration
The A11 term is a tensile/compressive stiffness and, thus, depen-

dent solely on cross-sectional area of the plies. As such, it is not a
functionof stackingorder, but only of the average longitudinalstiff-
ness of plies, and is maximized by including as many 0-deg plies as
possible. Conversely, the transverse shell bending stiffness D22 is
stacking order dependent, being a function of the shell wall second
moment of area. The maximization of this term is dependent on the
placementof circumferential(90-deg)plies far from the shell wall’s
neutral axis.

It, therefore, appears intuitive that in highly unidirectional com-
posites, the optimal layup will consist of 90-deg plies sand-
wiching a 0-deg layer. To test this hypothesis, a generalized or-
thotropic, symmetric three-layer con� guration of balanced (§µ )
plies, [§µ .O/; §µ .M/]s (Fig. 1) is studied to determine the opti-
mum ply angleof each layer.The validityof only three layerswill be
analyzed subsequently, and the optimum relative layer thicknesses
will be found.
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Analysis
From standard material section property de� nitions,
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where z is the ply distance to the shell neutral axis and [ NQ] is the
transformed reduced stiffness matrix. With three layers arranged as
in Fig. 1, Eqs. (3) and (4) become

A11 D . NQ11t/M C . NQ11t/O

D22 D . NQ22 I /M C . NQ22 I /O

where t is the layer thickness and I is the relevant second moment
of area of the layer about the shell wall’s neutral axis. This gives an
objective function to be maximized of

A11 ¢ D22 D [. NQ11t/M C . NQ11t/O ] ¢ [. NQ22 I /M C . NQ22 I /O ] (5)

which may be written in terms of ply angle by using invariant ma-
terial relationships.5 To � nd the optimum ply orientations,an equal
overallthicknessofmiddleand outerplieswas initiallyused, and the
total A11 ¢ D22 calculatedfor variousinnerandouter layerply angles.
This is plotted in Fig. 2 as a critical Brazier1 moment [Eq. (1)] for a
typicalE-glass � ber-reinforcedplastic (GFRP) with an E11:E22:G12

ratio of 10:1:2 and À12 D 0:3.
This has beennondimensionalizedby dividingby the correspond-

ing value for a quasi-isotropic layup, a homogeneous layup con-
sisting of equal numbers of 0-, 90-, ¡45- and 45-deg plies that
serves as a useful reference layup. In Fig. 2, the darker areas rep-
resent improved performance, with the darkest area representing a
39% increase in limit moment over the quasi-isotropic layup and
a 92% increase over the weakest design. The dashed line shows
the performanceof a quasi-isotropiclayup (relativeperformanceof
1.0), and along the dotted line the outer and middle layers are at

Fig. 1 Layer arrangement and nomenclature.

Fig. 2 Variation of Brazier1 moment (A11D22 )1/2 with ply angle for
three-layer GFRP tube.

the same angle, effectively generating a single layer. It is apparent
from Fig. 2 that, for this example, the optimum con� guration is ob-
tained with outer 90-deg plies sandwiching a 0-deg middle layer,
as was initially hypothesized. The plot is topologically similar for
any composite where E11 > E22 and G12 < G iso (shear stiffness of
the quasi-isotropic layup), and, therefore, any tube made with such
a composite will be optimized by this con� guration.

If G12 > G iso , then the high shear stiffness means that 45-deg
plies have a signi� cant stiffening effect, such that con� gurations
consisting of nonorthogonal plies will be optimal. However, com-
posites with such properties are not common, and they will not be
discussed here.

Optimization of Ply Thickness
If the ply orientations are µ D 0 and 90 deg, then

NQ11.0-deg plies/ D NQ22.90-deg plies/ D Q11

NQ22.0-deg plies/ D NQ11.90-deg plies/ D Q22

Thus, Eq. (5) becomes
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where tM =ttot is the proportionof 0-degplies to the overall thickness.
When Eq. (6) is differentiated with respect to tM , equated to zero
(to � nd a maximum) and substituted for,

Q11 D E11=.1 ¡ À12À21/; Q22 D E22=.1 ¡ À12À21/

where Ei j is the appropriateYoung’s modulus and º i j the Poisson’s
ratio, which gives
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This cubic expressionis readily solved and plotted for variousratios
of E11 to E22 because the optimum is purely a function of this ratio
and not of Poisson’s ratio or shear modulus (if G12 < G iso/. The
variation of optimum ply ratio with E22=E11 is fairly linear and can
be approximated by

tM =ttot D 0:63 ¡ 0:05.E22=E11/ (8)

For most polymeric matrix composites with E22=E11 ratios of
0.1–0.2 (0.2 for GFRP) the optimal value of tM =ttot is around 0.62.
This value of tM=ttot approximately doubles A11 ¢ D22 (for GFRP)
compared to a quasi-isotropic layup. The collapse moment Mcr

[Eqs. (1) and (2)] is, therefore, increased by 42%.
Note that this model assumes that plies can be subdivided indef-

initely. For plies of discrete thickness, the nearest ratio should be
selected.

Multiple Layers
The optimum position of the 90-deg plies is driven by the need

to maximize D22, and, as such, they are best placed farthest from
the shell wall’s neutral axis. The optimal location of the 0-deg plies
follows suit and, by default, lies at the neutral axis. However, it may
be that the presence of additional intermediate layers with different
ply angles may increase the collapse moment. To model this, inter-
mediate C layers have been introduced, with thickness tC and ply
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Fig. 3 Effect of inserting intermediate ply on Brazier1 moment
(A11 ·D22 )1/2 of a GFRP tube.

angles §µC (Fig. 3), between the middle and outer layers. These
layers were introduced into Eq. (5), giving

A11 ¢ D22 D [. NQ11t/M C . NQ11t/O C . NQ11t/C ]

£ [. NQ22 I /M C . NQ22 I /O C . NQ22 I /C ]

as an expression for the Brazier1 moment. Once again, the ef-
fect of varying ply angles and intermediate layer thickness (for a
� xed overall shell thickness) can be found using the Tsai–Pagano5

relationships. The effect on Brazier1 moment of varying tC and
§µC is plotted in Fig. 3 using the optimum GFRP layup [90,
0-deg]s and tM =ttot of 0.6. As is apparent, the introduction of an-
other, nonorthogonal, layer always reduces the Brazier1 moment,
suggesting that the optimal con� guration consists solely of three
layers.

Conclusions
The optimum con� guration for a tube under bending is in-

dependent of Poisson’s ratio and largely invariant with E11 and
E22 for common highly directional composite materials. The op-
timal ply con� guration for typical composite tubes is found to be
90–0–90 deg, with 62% 0-deg plies. Such a con� guration increases
the maximum bending moment in GFRP tubes by 42% compared
to a quasi-isotropiccon� guration.
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Nomenclature
A = area of cross section of the beam
a = central lateral de� ection of the column
E = Young’s modulus
I = area moment of inertia
L = length of the beam
Pt = thermal load
r = radius of gyration
T = temperature
U = strain energy as given by Eq. (1)
u = axial displacement
W = work done by the thermal load as given by Eq. (2)
w = lateral displacement
x = axial coordinate
® = coef� cient of thermal expansion
¯1; ¯2 = coef� cients in Eqs. (3) and (4)
"x = axial strain including nonlinear terms
¸L = linear thermal critical load, (®T L2=r 2)L

¸NL = thermal post buckling load, (®T L2=r 2)NL

¸Ta = axial tension parameter as given by Eq. (5)
Ãx = curvature

Introduction

T HE truss- or frame-type structure is widely used in rocket and
space structures,for example,interstages,solarsails,etc.These

structures are exposed to thermal loading because of aerodynamic
or solar heating. Structural elements such as uniform columns are
the basic componentsof these structures, and the predictionof their
postbuckling behavior is an important design input. Furthermore,
their postbuckling strength can be effectively used in achieving an
optimum (minimum mass) design of these structural elements.

Postbucklingbehaviorof columns subjected to mechanical loads
was discussed by Dym1 and Thompson and Hunt2 using a differ-
ential equation approach. Although this approach gives exact so-
lutions for some simple structural con� gurations, it is not easy to
obtain solutions when complex geometries, loads, and boundary
conditions are involved. As such, one has to resort to numerical
methods to obtain solutions for such structural con� gurations. A
numerical method, such as the versatile � nite element method, and
a continuummethod, such as the Rayleigh–Ritz method, were used
to investigatethe thermalpostbucklingbehaviorof uniformcolumns
with immovable ends by Rao and Raju.3 However, these methods
are relatively tedious. Even though the � nite element formulation is
highly versatile,one has to idealize the column with a large number
of elements, and the solution involves a large number of iterations,
to achieve a desired degree of accuracy in evaluating ¸NL.

In the present Note, a simple, intuitive method is proposed to
predict the thermal postbucklingbehavior of uniform columns with
differentboundaryconditions,afterbrie� y describingthe Rayleigh–
Ritz formulation.
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